Abstract. In this paper, we define syntomic complex for modulus pair (X, D), where X is regular semi-stable family and D is an effective Cartier divisor on X. We compute its cohomology sheaves.
Introduction
In their paper [KSY] , Bruno Kahn, Shuji Saito and Takao Yamazaki construct and study a triangulated category of motives with modulus M DM ef f gm over a field k that extends Voevodsky's category DM ef f gm with non A 1 -homotopy invariant property. While the Voevodsky's category DM ef f gm is constructed from smooth k-varieties, the category of motives with modulus M DM ef f gm is constructed from proper modulus pairs (X, D), that is, pairs of a proper k-variety X and an effective divisor D on X such that X − |D| is smooth.
Let K be a p-adic field, and let O K be its valuation ring with k the residue field. Let X be a regular semistable family over O K and put Y := X ⊗ OK k. Let D be an effective Cartier divisor which is flat over O K and such that D red ∪Y has normal crossings on X. The first aim of this paper is to define the syntomic complex S n (r) X|D with modulus for such pairs (X, D) for n ≥ 1 and 0 ≤ r ≤ p − 1, which is a generalization of Tsuji's syntomic complex S n (r) (X,MX ) (cf. [Ka1] , [Ka2] , [Ku] , [Tsu1] , [Tsu2] , [Tsu3] etc.). More explicitly, we have S n (r) X|∅ = S n (r) (X,MX ) . In [Tsu1] , [Tsu2] and [Tsu3] , Tsuji constructed the symbol map
⊗r −→ H r (S n (r) (X,MX ) ) and proved the surjectivity of this map. The second aim of this paper is to construct a symbol map for S n (r) X|D and to investigate the surjectivity of the symbol map for S n (r) X|D . We will prove the following main result:
Theorem 1.1. (Theorem 3.4) Let n ≥ 1 be an integer. If 0 ≤ r ≤ p − 2, the cokernel of the symbol map
is Mittag-Leffler zero with respect to the multiplicities of the prime components of D. Here X n := X ⊗ Z/p n Z, D n := D ⊗ Z/p n Z and I Dn+1 (⊂ O Xn+1 ) is the definition ideal of D n+1 ; M X denotes the log structure on X associated with D red ∪ Y , and M Xn is the inverse image of M X onto X n .
In fact, the cokernel of Symb X|D is non-zero unless D is zero or reduced, and deeply depends on the multiplicities of the prime components of D. Nevertheless our main result asserts that those cokernels are Mittag-Leffler zero as a projective system. A key fact to understand this phenomenon is a Cartier inverse isomorphism in a modulus situation (see Lemma 3.2 below). From this key lemma, we will obtain an explicit description of the cokernel of the symbol map in a sufficiently local situation.
As an application of the subject of this paper, we will consider a p-adic étale Tate twists for a modulus pair (X, D) in a forthcoming paper [Y] , which is a generalization of Sato's p-adic étale Tate twists ( [Sat] ). We will show that our new object is a "dual" of the usual p-adic étale Tate twists of X − D.
Notation and conventions.
(i) Throughout this paper, p denotes a prime number and K denotes a henselian discrete valuation field of characteristic 0 whose residue field k is a perfect field of characteristic p. We write O K for the integer ring of K, and π denotes a prime element of O K .
(ii) For a scheme X, we put X n := X ⊗ Z/p n Z.
(iii) Let X be a pure-dimensional scheme which is flat of finite type over Spec(O K ). We call X be a regular semistable f amily over Spec(O K ), if it is regular and evrywhere étale locally isomorphic to
for some a such that 0 ≤ a ≤ d := dim(X/O K ).
syntomic complex with modulus
In this section, we will define syntomic complex with modulus S n (r) X|D for 0 ≤ q ≤ p − 1.
Setting:
• Let X be a regular semistable f amily over Spec(O K ). We denote Y := X ⊗ OK k and X K := X ⊗ OK K. Let D ⊂ X be an effective Cartier divisor on X which is flat over Spec(O K ) and Y ∪ D red has normal crossings on X.
• Let M X be a logarithmic structure on X associated with D red ∪ Y . Let M D be a logarithmic structure on D defined as the restriction of M X . For n ≥ 1, we write M Xn for the inverse image of log structure of M X onto X n . Let (Y, M Y ) be the reduction of mod π of (X, M X ).
To define the syntomic complex with modulus in a sufficiently local situation, we assume the existence of the following data:
Assumption 2.1.
• There exist an exact closed immersions β n : (X n , M Xn ) ֒→ (Z n , M Zn ) and β n,D : (D n , M Dn ) ֒→ (D n , M Dn ) of log schemes for n ≥ 1 such that (Z n , M Zn ) and (D n , M Dn ) are smooth over W := W (k), and such that the following diagram is commutative:
• There exist a compatible system of lifting frobenius endomorphisms
Let (E n , M En ) be the PD-envelope of (X n , M Xn ) in (Z n , M Zn ) which is compatible with the canon-
En ⊂ O En be the i-th devided power of the ideal
which are locally free O Zn -modules.
Let us recall that the syntomic complex defined as follows:
Definition 2.2. (syntomic complex with modulus, sufficiently local case)
We assume q ≤ p − 1. We define
under the Assumption 2.1. Lemma 2.3. The syntomic complex with modulus S n (q) loc X|D,(Zn,MZ n ),(Dn,M Dn ) is independent of the choice of (Z n , M Zn ) and (D n , M Dn ).
Proof. If we choose another
, we consider the following commutative diagrams:
)) denote the PD-envelopes of β n and β ′ n (resp. β D,n and β ′ D,n ). From [Tsu3] , Cororally 1.11, we have quasi-isomorphisms
Thus we have a quasi-isomorphism
This completes the proof.
In the general case, we define S n (q) X|D ∈ D + Xé t , Z/p n Z by gluing the local complexes: We choose a hyper-covering X • of X(resp. D
• of D) in the étale topology and a closed immersions β
, with the property that, for each integer µ ≥ 0, β n µ (resp. β n,D µ ) is an immersion of log schemes and
smooth log scheme over W , in such a way that there exists a compatible system of liftings of frobenius
Definition 2.4. (syntomic complex with modulus, the general case; cf. [Tsu3] , p. 540) We define the syntomic complex with modulus S n (q) X|D to be the object
, where θ denotes the canonical morphism of topoi (X
If we choose another
{F Zn } n and {F Dn } n , then by taking the fiber products
and using [Tsu3] , Cororally1.11, we obtain canonical quasi-isomorphisms
and a canonical quasi-isomorphisms
where pr, pr ′ , θ ′ , θ ′′ denote the canonical morphism of topoi
Hence we obtain
This quasi-isomorphism satisfies the transitivity, and then S n (q) X|D is independent of the choice of hyper coverings X • and D • up to a canonical isomorphism.
Lemma 2.5. Let n ≥ 1 be an integer. We have a distinguished triangle
Proof. The assertion follows form the following two distinct distinguished triangles
The details are straight-forward and left to the reader.
In what follows, we assume the following assumption:
Assumption 2.6.
• There exist an exact closed immersions
, and such that the following diagram is cartesian :
• an effective Cartier divisor D n ⊂ Z n such that β * n D n = D n and F Zn which induces a morphism
, where the homomorphism ϕ induced by F En . We will define the Frobenius morphism "devided by p r " p −r ϕ (or
We have
(cf. [Ka1] , I, Lemma 1.3 (1)). On the other hand, J
[r]
En is flat over Z/p n Z and
for every n ≥ 1 and r ≥ 0. Hence, for 0 ≤ r ≤ p − 1, there exists a unique homomorphism
which makes the following diagram commute:
From the fact that
we can define a frobenius "divided by p"
Definition 2.7. (another syntomic complex with modulus, sufficiently local case)
We assume r ≤ p − 1. We define
where ϕ r = ϕ r−q ⊗ ∧ q dϕ p in degree q.
Lemma 2.8. Under Assumption 2.6, s n (q) X|D and S n (q)
Proof. By the definition of S n (q) loc X|D , we have a quasi-isomorphism
We will show that the isomorphism of complexes
It sufficies to show that
The surjectivity of this morphism is trivial from short exact sequence
We will prove that the injectivity of this morphism. It suffices to show that O En
where f is the definition equation of D n . The problem is reduced to the case
− T ∞ , and the kernel of the ring homomorphism ψ is
The affine ring A n of E n is generated by Ber] , p.31, 1.4.2 and Corollarie 2.3.2 (ii)). Since the polynomial f is
In what follows, we will use the complex s n (q) X|D when we compute the cohomology sheaf of the syntomic complex with modulus in sufficiently local situation. By definition, s n (q) X|D is concentrated in [0, q]. Note that s n (q) X|∅ = S n (q) (X,MX ) , the syntomic complex defined in [Tsu2] , [Tsu3] .
Proof. Proof is straightforward from the product structure of S n (q) (X,MX ) (cf. [Tsu2] , [Tsu3] ).
Let us define a symbol map
We construct a symbol map in the local situation in the following. By taking Rθ * , we immediately obtain its global case.
Recall that (X n , M Xn ) denotes the reduction of mod p n of (X, M X ). Let C n+1 be the complex
We define the morphism of complexes
a → log(a) mod p n at degree 0 and
at degree 1, where ϕ En : O En → O En denotes the Frobenius operator induced by {F Zn } and we have used the fact that log(
We obtain the symbol map (2.2) as following composite maps:
Main Rsults
In this and the next section, for 0 ≤ q ≤ p − 2, we calculate the cohomology sheaf
We first define tow filtrations on the sheaf H q (s 1 (q) X|D )using symbols and state our main results on the associated graded pieces.
Definition 3.1. We define the filtrations U · and
if q = 1, and
We define the filtration U · and V · on H q (s 1 (q) X|D )(q ≥ 0) to be the images of these filtrations under the symbol map 2.2. Put
To describe these graded pieces, we introduce some differential sheaves on Y . We define
Let ω q Y |D,log be the subsheaf of abelian groups of ω q Y generated by local sections of the form
,
We have the following Lemma:
Lemma 3.2. (cf. [SS] , Theorem 3.2) For each integer q ≥ 0, there exists an isomorphism
Proof. We use a similar argument as in [SS] , Theorem 3.2. If p divides m λ for any λ ∈ Λ, then the
Thus we have the isomorphism
We next show the general case. We see that the natural inclusion
The graded pieces of the above filtration are of the form
are acyclic from a similar argument as in [SS] , Lemma 3.4.
Using above facts, we obtain the isomorphism
For each integer q ≥ 0, we have the following morphism which restricts a morphism (3.11) to ω q Y |D :
Lemma 3.3. (cf. [JSZ] , Theorem 1.2.1, Proposition 1.2.3) We assume that the notation and the assumption be as above. Then, for each integer q ≥ 0, we have the following exact sequence.
Proof. This claim is trivial except the exactness in the middle term (The surjectivity of
One can check the exactness at the middle term in the same way as that of [JSZ] Theorem 1.2.1.
We have the following main results.
Theorem 3.4. Let n ≥ 1 be an integer. If 0 ≤ r ≤ p − 2, the cokernel of the symbol map
is Mittag-Leffler zero with respect to the multiplicities of the prime components of D.
Theorem 3.5. We assume that p ≥ 3. Let e be the absolute ramification index of K. Then the sheaf H q s 1 (q) X|D has the folllowing structure:
(1) For m = 0, we have short exact sequences:
We denote x (resp. a i ) the image of x (resp. a i ) in M gp Y , and we denote y the image of y in
where R := Ker gr
.
(2) If 0 < m < pe/(p − 1) and p |m, then we have
(3) If 0 < m < pe/(p − 1) and p|m, then we have short exact sequences
where L m is an certain subsheaf of gr m U H q s 1 (q) X|D which is given more explicitly in a sufficientlly local situation (see Lemma 4.10 below).
Proof of Main Results
4.1. Proof of Theorem 3.4. From Lemma 2.5 and induction on n, it suffices to show the claim in the case n = 1. By Lemma 4.11 and Lemma 4.12 below, the cokernel of the morphism
will be Mittag-Leffler zero with respect to the multiplicities of the prime components of D.. Then we will obtain that Coker(Symb X|D ) is Mittag-Leffler zero by the finiteness of the filtration {U m } m∈N in Theorem 3.5 (4).
4.2.
Proof of Theorem 3.5. By Lemma 4.2 and Lemma 4.10 below, we will obtain (1), (2) In the rest of this section we prove the lemmas that have been mentioned in the above proof of Theorem 3.4 and Theorem 3.5. We will work with the following local situation.
4.3. Local computation. We denote (S, N ) the scheme Spec(O K ) with log sturcture N defined by the closed point. Let (V, M V ) be the scheme Spec(W [T ]) with the log structure defined by the divisor {T = 0}, and let i V : (S, N ) → (V, M V ) be the exact closed immersion defined by T → π. We assume that there exists a factorization
smooth and compatible with the liftings of frobenii, and that the following diagram is cartesian (the left cartesian diagram is mentioned in Assumption 2.6):
Lemma 4.1. Let n be a non-negative integer.
(1) From the reduction mod T of the short exact sequence
and the O Z1 -linear isomorphism
induced by the multiplication by T m on ω q Z1|D1 for each integer q ≥ 0, we obtain a short exact sequence of complexes:
( * ) Furthermore, for each integer q ≥ 0, the connecting homomorphism H
Y |D ) of the long exact sequence associated to (4.3) is the multiplication by (−1) q m.
(3) If p|m, there is an isomorphism:
Proof. The assertions 4.1, 4.2 and 4.3 are easy follows from Lemma 2.4.2, [Tsu2] and (2) follows from ( * ). We prove (*) and (3). There is a commutative diagram of complexes with exact rows:
∧d log(T )
and taking cohomology, we get the following commutative diagram:
).
The commutativity of the above two diagrams follows from Lemma 7.1.4 in [Tsu2] and the characterization of Cartier isomorphism. Then we have (3) from Lemma 3.2. The claim ( * ) is follows from a similar arguments as in the proof of Lemma 7.4.3 (2) [Tsu1] .
Lemma 4.2. Let m be a non-negative integer.
(1) If p |m, there is a short exact sequence
which is characterized by the following properties. For x ∈ O Y (−D 1 ) and a 1 , . . . , a q−1 ∈ M gp Z1 , the image of
is xd log a 1 ∧ · · · ∧ d log a q−1 , and
is the image of xd log
, where a i denote the images of a i in M gp Y .
(2) If p|m, there is a short exact sequence
which is characterized in the same way as (1).
(3) The homomorphism
is surjective. Its kernel K is the subsheaf of abelian groups of :
Z1|D1 generated by local sections of the form
and there is a short exact sequence
which is characterized by the following properties:
, the image of
, and
by Lemma 4.1 (2). Then we have from 4.3 the following exact sequence:
If p|m ,the homomorphism
is surjective by Lemma 4.1 (1). Hence, the homomorphism
is surjective and 4.3 induces a short exact sequence:
(1) and (2) follows from these two short exact sequences and 4.3. (3) follows from the latter exact sequence with m = 0, Lemma 4.1 (1) and Lemma 3.3.
Let A · (resp. B · ) be the subcomplex of J
) in degree q − 1, q, and q + 1 (resp. degree q − 2, q − 1, and q), and is 0 in other degree. The inclusion map (resp.
and the identity map (resp.ϕ
give a morphism of complexes 1 (resp. ϕ q ):A · → B · . We put S D · the mapping fiber of the morphism 1 − ϕ q :
We define the descending filtrationŨ m (0 ≤ m ≤ pe) on A · (resp. B · ) as follows:
where m ′ denotes the smallest integer which is ≥ max(e + m/p, m). The morphism 1 :
is compatible with the filtrationsŨ · . By the assumpution p ≥ 3, we have ϕ 1 (J
[p]
E1 ) = 0. Then the morphism ϕ q : A · → B · is also compatible with the filtrationsŨ · .
We define the filtrationŨ
We will show that
Next we calculate the image of (1
under the symbol map 2.2, is the class of the cocycle
, where x denote the image of x in (1 + I D2 ) × and a i denote the images of
Proof. This is a straightforward calculation by (2.2).
Proof. We use a similar argument as in [Tsu2] , Lemma 2.5.2. By Lemma 4.3,
, and the definition ofŨ m S D · , it suffices to prove that:
The former is trivial. We will prove the latter. We have ϕ E2 (x) = x p + py for some
Hence we obtain (4.23)
Next we calculate H q (gr m U S D · ) for 0 ≤ m < pe. By definition, we have a long exact sequence:
Since m ≥ e + m/p (resp. m ≤ e + m/p)⇐⇒m ≥ pe/(p − 1) (resp. m ≤ pe/(p − 1)), we have the following:
Lemma 4.5. Let m be an integer such that 0 ≤ m < pe. Then :
(1) If m = 0, we have an exact sequence
(2) We have an isomorphism
(3) If 0 < m < pe/(p − 1) and p|m, we have a surjective morphism,
and it is isomorhism if 0 < m < pe/(p − 1) and p |m.
Proof. We describe the homomorphism Z q−1 (gr
(pe/(p − 1) < m < pe).
The first homomorphism (i) is isomorphism by Lemma 4.1 (2). The second homomorphism (ii) is injective by Lemma 4.1 (3). The third homomorphism (iii) is surjective by Lemma 4.2 (3). It is trivial that (iv) are surjective. Hence we have
except for 0 ≤ m < pe/(p − 1), p|m case. (1) and (2) follows from the injectivity of the homomorphism of (ii).
Lemma 4.6. We have
and ϕ 1 ⊗ ∧ q−1 dϕ/p(resp. ϕ⊗ ∧ q dφ/p) are nilpotent on them since pe/(p− 1) < m implies m > e + m/p
· are bijective in degree q − 1 and degree q.
Proof. By Lemma 4.6, we may assume that m + 1 ≤ pe/(p − 1). It is enough to show that (4.36)
is surjective. From the argument before Lemma 4.5 (i), we obtain an isomorphism (4.37)
Then it suffices to prove that the natural homomorphism
is surjective or equivalently that the homomorphism
is surjective. When p |m, this is obvious by Lemma 4.1 (2). In the case of p|m, this follows from the following commutative diagram in which the lower horizontal arrow is surjective and the right vertical arrow is an isomorphism by Lemma 4.1 (3).
From lemma 4.4 and 4.9, we have homomorphisms
and injective homomorphisms
Lemma 4.10. Let m be a non-negative integer. Let
and let y denote the image of y in O X2 (−D 2 ). Then we have:
(1) If m = 0, the image of
under the composite
(2) If 0 < m < pe/(p − 1) and p |m, the image of
We put
Proof. We obtain the lemma from Lemma 4.5. Note that T ∈ Γ(Z 2 , O Z2 ) is alifting of π ∈ Γ(X 2 , O X2 ).
Lemma 4.11. The cokernel of the morphism
Proof. We have the following diagram:
where the vertical and horizontal sequences is exact,
and D is certain differenital sheaves which is explicitly written in Lemma 4.5. The morphism ( * * ) is surjective, then ( * ) is also. Here L ′m is Mittag-Leffler zero with respect to the multiplicities of the prime components of D. Hence Coker(gr m Symb X|D ) is also.
Lemma 4.12. The kernel and the cokernel of the morphism
are Mittag-Leffler zero with respect to the multiplicities of the prime components of D.
Proof. We consider the following commutative diagram: show by induction on m.
Calculation of H
In this section, for 0 ≤ q < r ≤ p − 2, we will calculate the cohomology sheaf H q (s 1 (r) X|D ) by a similar computations as in Appendix [Tsu3] . The setting remains as in §4.3.
We define a descending filtration onŨ m , m ∈ N on s 1 (r) X|D for an integer 0 ≤ r ≤ p − 2 as follows:
we define the filtrationŨ m , m ∈ N on O E1 (resp.J
E1 (r ≤ p − 2)) by
Here ⌈x⌉ for x ∈ R denotes the smallest integer ≥ x. We can easy to see that the morphism 1, ϕ r :
We define the filtrationŨ m on s 1 (r) X|D to be the mapping fiber of
Lemma 5.1. Let m be a non-negative integer. For a ∈ k * , the homomorphism
generated by local sections of the form
in the left term, where a i denote the images of
Proof. We can prove this in the same way as Lemma 4.2 (3), [Tsu3] , Lemma A8.
Lemma 5.2. (cf. [Tsu1] , Lemma 4.5) Let q and r be integers such that 0 ≤ q ≤ r ≤ p − 2. We have the following description of the kernel of
(2) If m = ep(r − q)/(p − 1), then the kernel of (⋆) is isomorphic to the kernel of
where
Proof. We note that
and m e(r − q) + m/p ↔ m ep(r − q)/(p − 1).
Hence the morphism (⋆) is the identity.
•
in degree ≥ q and
• If m > ep(r − q)/(p − 1), we have
then we have (3).
If m = ep(r − q)/(p − 1), we have (2) from Lemma 4.1 and Lemma 5.1 and
where T e + p(a e−1 T e−1 + · · · + a 1 T + a 0 ) (a i ∈ W ) denotes the Eisenstein polynomial of π over W .
If m < ep(r − q)/(p − 1) and p |m, both sides of the homomorphism (⋆) vanish by Lemma 4.1 (2).
If m < ep(r − q)/(p − 1) and p|m, the claim (1) follows from Lemma 5.1 and the above description of ϕ r−q T e(r−q) .
If K contains a primitive p-th root of unity, then we have a 0 ∈ (k * ) p−1 (See [Tsu3] , the proof of Proposition A17). Choose a (p−1)-th root b 0 ∈ k of a 0 . Then, by Lemma 3.2, for integers q ≥ 0, θ ≥ 0, we have
Proposition 5.3. Let the notation and assumption be as above. Let q and r be an integers such that 0 ≤ q ≤ r ≤ p − 2. Then, for every integer m ≥ 0, we have the structure of H q gr m U (s 1 (r) X|D ) as follows:
(2) If m = ep(r − q)/(p − 1), then there exists an exact sequence
(b) If p|m, there exists an exact sequence
Proof. We immediately obtain this Proposition from Lemma 4.2, Lemma 5.1 and Lemma 5.2.
For integers 0 ≤ q ≤ r < p − 2, we define the filtrationŨ m on H q (s 1 (r) X|D ) to be the image of
(s 1 (r) X|D . By the same argument as in proposition A6 in [Tsu3] , we have
. By Proposition 5.3 and ( * 2), for each integer 0 ≤ r ≤ p − 2, we have an isomorphism
Here the last isomorphism, we use ( * 1) with q = 0, θ = r. Proof. By Proposition 5.5, we obtain (1), (2) and (3). Since U pe H q (s 1 (q) X|D ) = 0 by Lemma 4.4
and Corollary 4.6 , this implies (4). This completes the proof of this Proposition. are Mittag-Leffler zero with respect to the multiplicities of the prime components of D.
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